Propagating beam solutions for optical waveguides can be made to generate such mode-related properties as propagation constants, relative mode powers, and group delays with high precision and considerable flexibility. These quantities are needed in the analysis of optical fiber dispersion. The technique requires the generation of correlation functions from the numerical solutions of a wave equation. These correlation functions are in turn Fourier-transformed with respect to axial distance z. The resulting spectra display sharp resonances corresponding to mode groups, and the positions and heights of these resonances determine the previously mentioned mode properties. The spectral analysis is made highly accurate by the use of line-shape fitting techniques. With this method, mode group delays can be determined to a precision of +0.12 psec/km using a computation covering a 5-cm propagation path.
Introduction
We have described previously an accurate and general method for computing electric fields in optical fiber waveguides without the use of normal-mode eigenfunctions. 1 It is applicable to general source fields that describe realistic launch conditions and to refractive-index profiles that are characterizable by either analytic or tabular data. The propagating-beam method furnishes an accurate description of spatial (near-field) and angular (far-field)
properties of the electric field, but it can also generate information relevant to a purely modal description of the field as well. For example, the mode propagation constants and the power contained in groups of modes with the same propagation constant can be determined from a Fourier analysis of the complex field-amplitude correlation function 2 P 1 (z) = (e*(O)e(z), where the brackets signify integration over the waveguide cross section, and z represents axial distance. The function 'Pi(j) , which is the Fourier transform with respect to z of Pj(z), displays a set of resonant peaks that identify the various degenerate guided-and leaky-mode groups that have been excited by the source: the peaks occur at values of :3 that correspond to the mode propagation. constants fA,, and the heights of the peaks are proportional to the powers of the corresponding mode groups. With this information it is possible to compute the waveguide impulse-response function 3 h(t,z) = L Wn(t -z/Vn), ( 
1) n
where the mode-group velocities Vn are determined from the relation 1/un = (Mn/O.), (2) and the Wn represent the relative power in the corresponding mode groups. Dispersion in a multimode waveguide with negligible intramodal dispersion is completely characterized by h(t,z). (For further discussion regarding the theory of optical waveguide dispersion and related questions, the reader is referred to The Fourier transform P 1 (3) must be computed numerically from a finite length record of Pi(z) multiplied by a suitable window function. (A window function vanishes at its end points and is designed to reduce undesirable sidelobes of spectral resonances that result from truncation of the record.) When the discrete values of Pi() have been computed, the actual peaks must be located by an interpolation scheme, since they do not in general coincide with values of the sampled spatial frequency set. In Ref. 2 it was demonstrated that mode weights and propagation constants could be determined accurately by this technique for propagation distances of the order of 10 cm.
With accurate values of f3-, it is possible in principle to compute the group delays Tn = fniaw in terms of finite differences. Thus if A/3,n represents the difference between On determined at frequencies and + This paper is concerned primarily with illustrating and establishing the accuracy of the new spectral methods for determining mode eigenvalues, weights, and group delays for optical waveguides. Therefore, the numerical illustrations chosen apply to simple waveguides having power-law profiles, for which analytic results are available. Applications of the methods developed here to more complex and practical situations will be described in forthcoming publications.
Section II reviews the simple relationship between solutions of the Helmholtz and Fresnel or parabolic equations and justifies the exclusive analysis of the latter in the remainder of the paper.
Section III contains a discussion of correlation functions and spectra derived from solutions of the Fresnel equation. Intrinsic line-shape functions are also derived for use in extracting the various waveguide properties from spectral data samples. In Sec. IV, an algorithm is derived for determining the derivative with respect to frequency of the Fresnel wave equation solution. This algorithm permits the step-by-step advance of a solution for a6'/la, in terms of discrete Fourier transforms, simultaneously with the solution for 6', where 6' represents the solution of the Fresnel equation. Section V is devoted to numerical illustrations concerning both 1-D and 2-D waveguides. One result of general interest reported here is that modegroup delays computed by the WKB method can be rather inaccurate for modes close to cutoff.
Section VI contains a summary and conclusions, and the Appendix gives further details on the fitting of spectral data to line-shape functions.
II. Basic Wave Equations
The usual assumption is made that a single-frequency component of the electric field satisfies the scalar Helmholtz equation 
where
and no is the refractive index of the waveguide cladding. 
The presence or absence of a prime will hereafter distinguish between the solutions of the Fresnel and the Helmholtz equations, respectively.
The general solutions to Eqs. (6) and (7) can be expressed as the normal-mode eigenfunction expansions
n where x -(x,y), and n is a generalized mode index. It was shown in Ref. 2 , however, that the mode eigenfunctions for Eqs. (6) and (7) are identical and that the mode eigenvalues /3n and ', for the same mode index n are simply related. These relationships can be written
If 6'(x,y,z) is expressed as the superposition of orthogonal-mode eigenfunctions
where the index j is used to distinguish different modes within a degenerate set having the propagation constant /3n, P(z) can be expressed as
nj (13) (9a)
The Fourier transform of Eq. (13) is
The relations (9) are extremely useful, since they enable the spectrum of eigenvalues for the Helmholtz equation to be determined from the spectrum for the Fresnel equation through a simple operation, namely, application of Eq. (9d). Furthermore, the group delays for the Helmholtz equation can be expressed in terms of those for the Fresnel equation through the relation
The advantage of working with the Fresnel Eq. (7) is the availability of a simple and accurate solution algorithm for it.ll5l6 Although the solutions of the Fresnel equation by themselves give an accurate description of the field only under conditions of weak guidance, i.e.,
(n -no)/no << 1, the eigenvalues /3n obtained using Eq.
(9d) are valid without restriction. Because of the simple relationship between 3' and a3' /aw on the one hand and O3n and a/3n/aw on the other hand, the remaining discussion will be concerned exclusively with the Fresnel equation and quantities derived from it.
Ill. Correlation Functions, Spectra, and Related Matters
Two types of correlation function are required for computing the mode parameters that determine the impulse-response function (1) . The first of these is the field-amplitude correlation function (14) which suggests that the calculated spectrum of Pl(z) i (15) In practice, only a finite record of P 1 (z) is available, and that record must be multiplied by a window function w (z) before Fourier transforms are computed. The resulting resonances in the spectrum P l (o) will thus exhibit a finite width and shape that are characteristic of the record length Z and the window function w (z).
Since in general the resonant peaks do not coincide with the sampled values of /3, errors will result in the values of Wn and /n inferred from the maxima in the sampled data set for P().
For example, the maximum uncertainty in /3, so determined will be
where AO3 is the sampling interval in /. It is possible to reduce the uncertainties in /'n and Wn by lengthening Z, but it is far more efficient to first fit the correct line-shape function intrinsic to w(z) to the sampled values of Pi(O) that are closest to the resonance under consideration and to determine these /'3 and Wn from the resulting line-shape fit. For the Hanning window
the normalized line-shape function corresponding to the harmonic z-dependence exp(-if'nz) is
It is possible to represent 'PI(/ over the range of that corresponds to guided modes as
In general, sampled values of PiW(/) will be available for / = Am = mAm = 0, 1 ... 2M -1.
[Hereafter an index m will refer to a sampled value of /, and an index n will refer to an eigenvalue of Eq. (7 Making use of Eqs. (13) and (23), we can now write
where The accurate location of the resonant peaks is far less sensitive to line overlap than is the determination of the heights of the resonant peaks. Consequently, this operation can be counted on to yield accurate eigenvalues even in cases of moderate overlap. Once the eigenvalues have been determined, the Wn are computed from a linear least-squares fit of an expression of the form (19). When the least-squares fit is employed with well-separated resonances, one can count on at least an order of magnitude improvement in accuracy over that attainable by an independent line-shape fit, as will be demonstrated in Sec. V.
The second type of correlation function needed to compute the impulse response function is
whose Fourier transform P 2 () yields the Fresnel group delays a/3' /w. To show this, one proceeds as follows.
Consider the derivative of Pj(z) with respect to c:
The second line of Eq. (22) follows from the assumption For a finite record of P 2 (z) the normalized Fourier transform P 2 () of P 2 (Z) can be obtained by multiplying both sides of Eq. (24) by exp(i/z)w(z)/Z and integrating between zero and Z:
where for the Hanning window function
The first right-hand term in Eq. (26) can in most practical cases be neglected. Since the second righthand member of Eq. (26) scales with Z, it is bound to overpower the first term for some value of Z. In our numerical calculations we have found the first term to be negligible for most applications when propagation distances are of the order of 1 cm. Hence, to an excellent approximation one can take
However, when the first term is not negligible, it is possible to correct it as will be shown subsequently.
As in the case of P 1 (), P 2 () will display a set of resonances with peaks near / = 3,. In the neighborhood of: = m, where a local maximum in the sampled values of P 2 (/) occurs, the latter function can be rep-
Since 3', and W,,t have been determined in the analysis of P (), it is possible t6 compute a/3',/aw as 
so that where A and B represent the first and second right-hand terms in Eq. (26). From Eq. (30) it is then clear that
The small contribution that scales as Z-1 can then be determined by performing the calculation of 3' ,B/dw for two values of Z, say Z = Zo and Z = 2Zo, and eliminating B. This procedure will in fact be applied to the evaluation of the mode delays in a square-law fiber in Sec.
V.
IV. Solution Method for

I(9w
The numerical solution of Eq. (7) can be developed from the formal second-order accurate expressionl 5 ' 16 e'(x,y,z + A) = exp (-
which represents the operations of free-space propa- 
For simplicity, profile dispersion has been neglected in Eq. (36b). However, a correction for profile dispersion can easily be added by the transformation given in Ref.
2. On carrying out the differentiation of Eq. (32) with respect to co, one readily obtains 
where for simplicity the arguments x,y have been omitted. The first term of Eq. (37) represents application of the regular propagation operator in Eq. (32) to the variable
Ow 2w
The terms in Eq. (37) proportional to 6'(z) and 6'(z + (39).
V. Numerical Examples
A. Large-Core Radius 1-D Square-Law Fiber Illuminated by Gaussian Beam (Single Resonance Fit) Figure 1 and Table I contain results for a truncated square-law index profile defined by
X > a, with a = 2, A = 0.04665, a = 62.5 Am, and no = 1.5. The vacuum wavelength X was taken to be 1 Aim, and the total propagation distance was Z = 5 cm. An absorber was placed just beyond x = a, and the field was sampled at 128 points in the interval between -62.5 gm and 62.5 ,im. The appropriate mode eigenfunctions for this problem are17
where the Hn (x) are Hermite polynomials, and
The field at z = 0 was taken to be the Gaussian '(x ,0) = exp(-x 2 /2a-2 ), with i = 10.24 gm, where = 2a. In this example the conditions are the same as in the previous one, except that a = 1.85, A = 0.03007, and the Gaussian beam is displaced by 9.842, Am from the axis.
Figs. 2(a) and (b) show the spectra 910() and P 2 (/3), respectively. Clearly P 2 (0) is almost identical to P 1 (), except for a scale factor. This is because the O' /dzo values modulating the latter spectrum do not differ much from one another. The group delays for thirtyeight modes are plotted vs -' in Fig. 3 . Also plotted in Fig. 3 is the straight line af' =2no ( + B (2-1:
which represents the group delay as a function of the propagation constant given by WKB theory 1 8 applied to the Fresnel Eq. (7). Equation (45) is also an exact result for Eq. (7) for a core of infinite extent, as can be proved by application of the quantum-mechanical virial theorem.1 8 The calculated group delays are seen to be in excellent agreement with Eq. (45). In this example the value of a has been reduced to 31.25 gm and the cladding extended to a radius of 62.5 gim, where a strong absorber is placed. The value of A is taken to be 0.007873. The fiber is assumed to be illuminated by an incoherent source. The spectrum (44) P 1 () is shown in Fig. 4(a) , indicating both trapped and leaky modes. The group delays are plotted vsin Fig. 4(b) for the guided modes. Agreement with Eq. The conditions for this case are the same as in case A except that x is replaced by r. The spectrum P 1 () is shown in Fig. 5 , and a comparison between analytic and numerically determined propagation constants and mode delay times is shown in Table II , where it is seen that the accuracies attained are quite close to those for The conditions here are the same as for case B, with x replaced by r and the Gaussian beam centered on-axis. The fiber has the same characteristics as the guide in case C except that x is replaced by r and a = 31 Aim. The fiber is illuminated by the on-axis Gaussian of cases D and E. The behavior exhibited in Fig. 8 is qualitatively similar to that exhibited in Fig. 7 , but there are twice as many mode groups excited in the latter as in the former. In this case an independent fit of the individual resonances in P 2 (0) failed to provide points lying along a straight line. Instead, the points would alternate with every other point lying somewhat above the line. However, the situation was remedied by fitting all eighteen resonances with a least-squares fit. This is the same as case D, but the resulting spectra have been analyzed with a multiple-resonance leastsquares fit. Results are shown in Table III where the line-center spatial frequencies are provided by the single-line fit. Table III is based on a leastsquares fit for the coefficients in these multiline expressions. The least-squares fit encompassed all values of P 1 (3) and P 2 (3) included in the first fourteen resonances starting from the fundamental mode.
Computations were made for propagation distances Z = 2.457 cm and 4.914 cm. From Table III and Fig. 8 it is seen that the calculated constant value of 9/3'M/o varies with propagation distance. This is due to the contribution of the first right-hand terms in Eqs. (26) with Z-1 was determined and a suitable correction made. The results attained with this correction are seen in the last column of -3000 -2900 -2800 -2700 -2600 -2500 -2400-2300-2200
-1s (cm-) Fig. 9 . Two-dimensional square-law medium illuminated by on-axis Gaussian (see Fig. 5 for spectrum). Calculations of mode-group delays vs -/3 with least-squares fit are shown for two separate propagation distances. These enable determination of correction term that scales inversely with propagation distance. Corrected values agree with analytical value to within 40.12 psec/km. VI.
Summary and Conclusions
We have described a new technique for determining modal properties of optical waveguides from a configuration space solution of the Fresnel or parabolic wave equation. The properties determined are the propagation constants 3',, the relative mode powers (weights) Wn, and the mode-group delays 8(3,ld 
where -1/2 < 6 < 1/2. Let 
where r = (1 + R)/(1-R).
The appropriate solution to Eq. (A8) is (A16)
